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We prove the Zeno limit N3/2 of the quantum Fisher information for frequency estimation with
a general initial state of N two-level atoms in the presence of local non-Markovian dephasing noise,
which was demonstrated for a GHZ state by A. W. Chin, S. F. Huelga, M. B. Plenio (2012). For
collective dephasing we prove that non-Markovian noise allows for better scaling for both correlated
and uncorelated states. The quantum enhancement in precision is at least as good as in the local
case.
Introduction. The task of estimating an unknown value of a parameter of quantum system dynamics is cruicial
for numerous applications of quantum technologies, e.g. frequency estimation (spectroscopy) in atomic clocks [1]. It
is important, however, to be sure that the usually difficult preparation of the system in an entangled state leads to
the resolution surpassing the classical limit given by an uncorrelated initial state (the shot-noise limit).
For parameter estimation such an enhancement was first considered in [2] and for frequency estimation it was first
discussed in [3]. For the system of N two-level atoms with the energy gap ~ω, in the case of unitary evolution, the
maximally correlated state (the GHZ state) makes it possible to achieve the Heisenberg scaling ∝ N−2 in resolution,
whereas the uncorrelated state gives the shot-noise scaling N−1. If, however, there is interaction with an environment,
such quantum enhancement in resolution may be signifinatly limited. In [5] frequency estimation using both the GHZ
and the uncorrelated state in the presence of local Markovian dephasing was proved to show the scaling ∝ N−1. In [6]
this scaling was proved for a general state when N →∞ and thus the best possible quantum enhancement was simply
a constant. For local non-Markovian dephasing the comparison between GHZ and uncorrelated states was made in [7]
for several models of a Gaussian environment. Frequency resolution using the GHZ state was shown to have the new
scaling ∝ N− 32 , whereas the uncorrelated state again gave ∝ N−1. The new scaling was shown to be due to the
quantum Zeno effect [9].
Here we prove that the Zeno scaling is indeed the best possible scaling for a general correlated initial state and is
again related to the quantum Zeno effect. We use the bound for phase estimation in the presence of general Gaussian
dephasing derived in [8]. Furthermore, for collective dephasing we prove that non-Markovian noise allows for better
scaling for both correlated and uncorrelated states. Moreover, there is at least the ∝ N−1/2 quantum enhancement
in the resolution scaling for collective non-Markovian dephasing.
Fisher information. In frequency estimation with dephasing an unknown value of the frequency ω is estimated
from the result of a POVM measurement {Π}x∈X performed at time t on an evolved state ρω,t. In one-shot experiment
the ω frequency cannot be estimated perfectly, even when there is no dephasing, due to the projection noise, i.e.
observing the experiment result x ∈ X with the probability distribution pω(x) := Tr(ρω,tΠx). The best possible
resolution is given by the inverse of the Fisher information Fω:
Fω =
∫
X
d pω(x)
(
∂
∂ω
log pω(x)
)2
, (1)
The optimal choice of POVM measurement leads to the quantum Fisher information, which yields the bound for the
best resolution in the experiment which uses the initial state ρ and lasts time t [4]. This can be used to check the
performance of a given experiment scheme.
In the presence of dephasing the evolved state ρω,t is determined by the initial state ρ, unitary dynamics governed
by the Hamiltonian H = 12
∑N
j=1 σ
z
j , where σ
z is the Pauli matrix along the z-axis, and dephasing channel Λt: ρω,t :=
e−iωtHΛt(ρ)eiωtH , since dephasing commutes with the unitary dynamics. Thus, the quantum Fisher information does
not depend on the ω value and equals:
Fρ,t = t
2 Tr
(
Λt(ρ)L
2
ρ,t
)
, where Λt(ρ)Lρ,t + Lρ,tΛt(ρ) = −2i [H,Λt(ρ)] . (2)
Examples of initial states. For the GHZ state and the uncorrlated CSS state we have (in the eigenbasis of H):
ρGHZ,t =
1
2
(
1 e−γ(t)N
k
e−γ(t)N
k
1
)
, and ρlocCSS,t =
1
2N
(
1 e−γ(t)
e−γ(t) 1
)⊗N
, (3)
where for the GHZ state k = 1, 2 correspond to independent and collective dephasing, respectively. Thus, we obtain
FGHZ,t = N
2t2e−2γ(t)N
k
and F locCSS,t = Nt
2e−2γ(t). 2γ(t) is the variance of the random phases introduced into
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2the system state due to interaction with a Gaussian environment and depends on the interrogation time t. γ(t) is
determined by the Gaussian environment spectrum, see [7] for examples.
For a general initial state ρ the quantum Fisher information Fρ,t is difficult to calculated, even numerically. There-
fore, in order to investigate the asymptotic behaviour of the quantum Fisher infromation we use the upper bound
from [8] for general dephasing modified to frequency estimation:
F locρ,t ≤ t2N
(
2γ(t) +
N
Iρ
)−1
and F colρ,t ≤ t2
(
2γ(t) +
1
Iρ
)−1
, (4)
where Iρ := Tr
(
ρL2ρ
)
does not depend on t and ρLρ + Lρρ = −2i [H, ρ]. The use of the bound from [8] is justified,
as when deriving it only the fact that the random phases have Gaussian distribution, and no assumption about the
noise Markovianity/non-Markovianity, was used. For the examples given above we have: ICSS = N and IGHZ = N
2,
which equals maxρ Iρ, where ρ is a state of N two-level atoms.
Frequency estimation. We consider a total time T , which can be divided into an arbitrary number n of individual
experiments in which we use the system of N two-level atoms. If t1, ..., tn denote the interrogation times of the
individual experiments, we have t1 + ...+ tn = T . Let ρ1,...., ρn be the initial states for these experiments. Thus, the
best resolution of this series of experiments is given by the inverse of the sum FT :=
∑n
j=1 Fρj ,tj . For the fixed total
time T we want to find the optimal interrogation times and the initial states to maximise FT .
Let us consider Markovian dephasing. Since the dephasing channel has the semi-group structure: Λt1+t2 =
Λt1Λt1 , we have γ(t) = γt. Using the bounds in Eq. (4) we obtain:
F locT ≤ N
n∑
j=1
t2j
(
2γtj +
N
Iρj
)−1
≤ N
n∑
j=1
t2j (2γtj)
−1
= N
T
2γ
and (5)
F colT ≤
n∑
j=1
t2j
(
2γtj +
1
Iρj
)−1
≤
n∑
j=1
t2j (2γtj)
−1
=
T
2γ
. (6)
The bound in Eq. (5) was proved in [6]. We see that for the local noise the best possible scaling of the Fisher
information for a fixed total time T is ∝ N , whereas in the collective case it is constant.
Let us demostrate that, in the case of local Markovian dephasing, for both the GHZ state and the uncorrelated
state, the quantum Fisher information scaling is linear ∝ N and thus there is no quantum enhancement is scaling.
For the GHZ state we have FGHZ,T = N
2Tte−2γtN , which attains its maximum N T2γe at t = (2γN)
−1. For the
uncorrelated CSS state we have FCSS,T = NTte
−γt, which has exactly the same maximum value N T2γe at t = (2γ)
−1.
These examples were considered in [5].
Let us discuss non-Markovian dephasing. We do not know the general form of γ(t), but for any Gaussian
enviroment for small times t we have the quantum Zeno effect leading to γ(t) ≈ γ22 t2 [9]. Using the bounds in Eq. (4)
for a general state we obtain:
F locT ≤ N
n∑
j=1
t2j
(
γ2t2j +
N
Iρj
)−1
≤ N
n∑
j=1
t2j
(
γ2t2j +
1
N
)−1
and (7)
F colT ≤
n∑
j=1
t2j
(
γ2t2j +
1
Iρj
)−1
≤
n∑
j=1
t2j
(
γ2t2j +
1
N2
)−1
. (8)
Using the Lagrange multipliers, one can show that for every n the uniform division of time is optimal and therefore
with n = T/t we arrive at:
F locT ≤ N Tt
(
γ2t2 +
1
N
)−1
≤ N 32 T
2γ
and (9)
F colT ≤ Tt
(
γ2t2 +
1
N2
)−1
≤ N T
2γ
, (10)
where the optimal interrogation times tloc = (γ2N)−
1
2 and tcol = (γN)−1, which, as we consider N →∞, are indeed
within the Zeno effect regime. We see that the best possible scaling of the Fisher information for non-Markovian local
3dephasing is indeed limited to the Zeno scaling ∝ N 32 , whereas in the collective case it is limited to the linear scaling
∝ N .
For the GHZ state in the local case we obtain maximum of the quantum Fisher information N
3
2
T
γ(2e)
1
2
at
t = γ−1(2N)−
1
2 . Therefore, we have proved that for frequency estimation in the presence of non-Markovian de-
phasing the best possible scaling is the Zeno scaling ∝ N 32 . The example of the GHZ state for the local dephasing
was discussed in [7]. In the collective case we obtain the maximum value N T
γ(2e)
1
2
at t = (
√
2γN)−1, which proves
the best possible scaling of the quantum Fisher information is linear ∝ N .
In order to determine quantum enhancement for non-Markovian enviroments let us discuss frequency estimation
using the uncorrelated state. In the local case, for the uncorrelated state we have FCSS,T = NTte
−2γ(t), which
maximum value N CT where C is supt>0 te
−2γ(t). Therefore, there can be N
1
2 quantum enhancement in frequency
resolution when using an entangled initial state. In the collective case we use the bound in Eq. (4). We have ICSS = N .
With the assumption γ(t) ≈ γ22 t2 we obtain:
F colCSS,T ≤ Tt
(
γ2t2 +
1
N
)−1
≤ N 12 T
2γ
, (11)
where the optimal interrogation time t = γ−1(2N)−
1
2 , which for N →∞ is within the Zeno effect regime. Therefore,
there can be at least N
1
2 improvement in the Fisher information scaling when using a correlated initial state.
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FIG. 1: Bounds on the frequency estimation resolution for N two-level atoms discussed in the paper. The depicted scalings from the bottom:
Heisenberg (TN)−2 (unitary, no dephasing), Zeno 2γT N
− 3
2 (local non-Markovian), shot-noise 2γT N
−1 (local Markovian & collective
non-Markovian) and constant 2γT (collective Markovian). The dashed lines show the according scaling for the GHZ state.
Summary and comments. We note that in [6] a tighter bound on the quantum Fisher information in the presence
of Markovian independent dephasing was derived:
Fρ,t ≤ Nt2
(
e2γt − 1 + 1
N
)−1
. (12)
In our view this bound can also be applied to non-Markovian dephasing, replacing γt 7→ γ(t). Since we consider
interrogation times t → 0 when N → ∞ to derive asymptotic behaviour of the quantum Fisher information for
non-Markovian dephasing, the bound in Eq. (12) is reduced to the bound for F locρ,t in Eq. (4) used here. Let us note
that the bounds in Eq. (4) depend on an initial non-dephased state ρ, and thus allowing us to consider scaling w.r.t.
only the uncorrelated state.
For a general state of a fixed number of N two-level atoms, one should use the tightest possible bounds when
discussing the best experimental startegies. Therefore, it is advisable to use the bound in Eq. (12) generalised to
non-Markovian dephasing. In this paper, however, we focus on the asymptotic behaviour of the quantum Fisher
information.
4We note that the bound for phase estimation in the presence of Gaussian collective dephasing was first obtained
using a variational approach to the Fisher information [10].
Here we have proved the Zeno scaling N3/2 of the quantum Fisher information for frequency estimation in the
presence of local non-Markovian dephasing noise, which was demonstrated for the GHZ state in [7]. Furthermore, in
the case of collective dephasing, we demonstrate that the constant scaling for Markovian noise (∝ 1) is changed to the
better scaling for both correlated (∝ N) and uncorrelated states (at most ∝ N 12 ) when the noise is non-Markovian.
In terms of precision this yields at least the quantum enhancement ∝ N− 12 , which characterises local non-Markovian
dephasing.
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